We demonstrate a great variability of single-pulse (with only one pulse/wave-packet traveling along the cavity) generation regimes in fiber lasers passively mode-locked by non-linear polarization evolution (NPE) effect. Combining extensive numerical modeling and experimental studies, we identify multiple very distinct lasing regimes with a rich variety of dynamic behavior and a remarkably broad spread of key parameters (by an order of magnitude and more) of the generated pulses. Such a broad range of variability of possible lasing regimes necessitates developing techniques for control/adjustment of such key pulse parameters as duration, radiation spectrum, and the shape of the auto-correlation function. From a practical view point, availability of pulses/wave-packets with such different characteristics from the same laser makes it imperative to develop variability-aware designs with control techniques and methods to select appropriate application-oriented regimes.
Introduction
Mode-locked fiber lasers are widely used as sources of ultrashort optical pulses [1] [2] [3] [4] [5] [6] . The growing use of fiber lasers for this purpose is supported by customer demand for reliable femtoand pico-second lasers with a long (or, better, unlimited) operation lifetime and without any need for manual adjustments. Fiber lasers mode-locked due to non-linear polarization evolution (NPE) may satisfy these requirements [7, 8] as they make direct use of their resonators' non-linear properties and are able to generate pulses with durations as short as 50 fs and even less [9, 10] . Being at the same time a promising tool and a unique platform for observing spectacular non-linear optical interactions, NPE mode-locked fiber lasers attract much attention from both scientists and laser engineers. Such lasers support a large variety of generation regimes [11] , including pulses of different shapes [12] [13] [14] [15] , multi-pulse lasing at different fundamental repetition frequency multiples [16] , as well as complex soliton structures [14, 16] and soliton rains [17] . In the present work, we limit our analysis to single-pulse lasing, that is, when only one laser pulse/wave-packet is present over a single round trip of the cavity. However, as our results show, even within such a limited case, a large variety of lasing regimes is found, which may considerably (up to an order of magnitude or even more) differ from each other in pulse energy, duration, bandwidth, etc., and may dramatically differ from each other in pulse structure being either ''conventional'' (single-scale) smooth pulses or double-scale pulses (wave-packets) with complex internal structure and phase fluctuations [18] . This has an important practical impact, calling for a variability-aware design of laser systems with embedded control techniques and methods to select appropriate output pulses.
Experimental setup
The setup used in our experiments is similar to those described in our previous studies [18] [19] [20] , see Fig. 1 . The fiber laser has a ring cavity with a wave-division-multiplexing (WDM) used to couple in the pump radiation. Either 2 m-long Er-or 8 m-long Yb-doped optical fiber is used in different experiments as the active medium, both of which produce qualitatively similar results at net-normal and all-normal cavity dispersion respectively. Either SMF-28 or normal-dispersion fiber (NDF) is used to elongate the cavity and thus increase pulse energy. Output laser radiation is extracted through a fiber polarization beam splitter (FPBS) or through an additional coupler inserted into the cavity. Mode-locked operation was achieved by adjusting fiber polarization controllers PC1, 2. Operation regimes were studied with the help of a fast oscilloscope, an optical spectrum analyzer (OSA), and an optical pulse auto-correlator. In order to investigate the variety of possible single-pulse lasing regimes and their properties, we used a well-established numerical model based on a set of modified, non-linear Schrödinger equations for orthogonal polarization components of the field envelope [21] :
where A x , and A y are the orthogonal components of the field envelope, z is the longitudinal coordinate, t -time, c = 4.7 Â 10
À5
(cm W) À1 , b 2 = 23 ps 2 /km -non-linear and dispersion coefficients, g 0 = 540 dB/km -unsaturated gain coefficient, P sat = 52 mW -saturation power for the active fiber. In order to accelerate simulations and spare computational resources, we reduced cavity length to 10 m, which corresponds to cavity round-trip time s = 48 ns. Similarly to [18, 19] , we integrated Eqs. (1) and (2) over 10 4 round-trips, using white noise as the initial condition for the first iteration. The term proportional to g 0 describes saturated optical gain and therefore was omitted while simulating pulse propagation in a passive fiber. Polarization controllers were taken into account through applying unitary matrices. Eqs. (1) and (2) were integrated numerically using step-split Fourier method. We checked carefully that the main results of this paper were not influenced by variation of numerical integration step, step number, mesh width, and number of mesh points, provided that these parameters were chosen in proper limits.
Results and discussion
The laser layout depicted in Fig. 1 includes two fiber polarization controllers, which provide several degrees of freedom, including the ability to trigger mode-locked operation and then switch between different generation regimes or adjust laser parameters. Since investigating lasing properties in multi-dimensional space is quite complicated, we confined ourselves to statistical study of different generation regimes. The approach consisted of choosing the polarization controller settings (tilt/slew angles) in a random way and integrating Eqs. (1) and (2) with white noise as the initial conditions. After a certain number (typically 10 3 . . .10 4 ) of roundtrips, we may obtain one of the following solutions: (i) quasi-CW laser operation (no mode-lock reached; thus Eqs. (1) and (2) and their numerical solution are not valid); (ii) multi-pulse modelocked operation (that is, two or more pulses co-exist in the cavity); and (iii) single-pulse, mode-locked operation. If a single-pulse, mode-locked operation is reached after the fixed amount of cavity round-trips, the program saves the results (tilt angles of PC1, 2, pulse duration, energy, optical spectrum, temporal intensity distribution, etc.). Otherwise, no information is kept about this program run. In either case, the program selects a new combination of random PC settings and proceeds with the next run, thus accumulating information about single-pulse operation regimes. The lasing regimes found in simulation demonstrate both quantitative and qualitative differences. Qualitatively, one can distinguish two main types of single-pulse generation regimes: fully coherent, single-scale, and double-scale pulses with complex inner structure [19] . Temporal distribution of radiation intensity for fully coherent pulses features a smooth envelope and can be described by a single parameter, that is, the envelope width (single-scale or ''conventional'' pulses). In contrast, temporal intensity distribution of the radiation of partially coherent pulses is stochastic: inside wave-packets with overall duration of several picoseconds to several nanoseconds; there are fast stochastic variations of radiation intensity with typical time scale of a hundred to several hundred femtoseconds.
Correspondingly, temporal distribution of radiation intensity for such pulses (wave-packets or double-scale pulses) is defined by two temporal parameters: the pulse-train envelope width and the typical intensity fluctuation time inside the train. Overall parameters of the entire wave packet, such as bandwidth, energy, and duration, fluctuate around their average values within a big range from one packet to another. Intensity fluctuations inside single wave-packets may also vary from relatively small values up to peak wave-packet intensity. Lasing regimes with strong intensity fluctuations are usually classified as noise-like generation.
Double-scale pulses have not yet received a universal designation. Different terms are found across the available literature: noise-like pulses [22, 23] , double-scale lumps [19] , femtosecond clusters [24] , etc. This type of pulse can be easily identified by a singular auto-correlation function shape featuring a narrow (100-200 fs) peak on a broader picosecond pedestal. Significant attention to these pulses is predominantly due to the presence of femtosecond components with high peak power, while the cavities of fiber lasers generating them may have relatively large dispersion.
There is also a series of intermediate possibilities between ''conventional'' laser pulses and noise-like generation which manifests a relatively small and variable fraction of intensity noise and phase fluctuations on the background of single-scale laser pulses [18] . Remarkably, even inside a single type of lasing (for example, single-scale or double-scale pulses), the studied laser supports a large variety of sub-regimes that correspond to different settings of PC1, 2 and thus differ vis-à-vis energy, duration, bandwidth, etc. Generated pulse parameters may vary by an order of magnitude or even more, depending on PC settings. Probability density functions (PDF) for rms-bandwidth (see Fig. 2 (a) and (b)) and rms-duration (see Fig. 2 (c) and (d)) obtained by randomly changing simulation PC settings are shown in Fig. 2 . These PDFs reveal the extent of parameter variability in different realizations of two main singlepulse lasing regimes, namely conventional lasing (Fig. 2(a) and (c)) and double-scale pulse generation (Fig. 2(b) and (d) ). For instance, rms-bandwidth varied in random simulation runs from 0.2 up to 3.9 nm for single-scale pulses and from 0.3 up to 7.4 nm for double-scale pulses being a function of PC settings. (Note that given values are pulse rms-bandwidth, which is usually several times as narrow as the spectrum's full width at halfmaximum, FWHM. As an example, for P-shaped spectrum, the ratio between spectral FWHM and rms-bandwidth is 3.5. For differently shaped spectra, this ratio may vary).
Another important difference between lasing regimes attainable at different angular settings of intra-cavity PCs is related to efficiency of non-linear laser pulse conversion. Very recently it was found that efficiency of second harmonic generation (SHG) may vary by an order of magnitude or more depending, along with other laser pulse parameters, on PC settings (see [20] and Fig. 3(a  and b) ). In order to generalize our conclusions, we study dimension-relative SHG efficiency, which does not depend on pump power and thickness of the thin non-linear crystal, but is sensitive to mode correlations and fluctuations, thus allowing us to easily compare different lasing regimes from the viewpoint of efficiency of non-linear frequency conversion. It is defined [20] as the ratio of two SH powers, of which the first is obtained when the non-linear crystal is pumped by a laser pulse and the second is generated with single-mode monochromatic pumping of the same power. As our simulation shows, double-scale pulses have comparable or higher SHG-relative efficiency compared with that of single-scale laser pulses of the same duration, see Fig. 3(c) .
We also conducted a comparative study of Raman scattering spectra generated by single-scale and double-scale laser pulses in a long stretch of extra-cavity fiber. As is illustrated below, notwithstanding similar duration of single-scale and double-scale pulse envelopes, Raman spectra resulting from these pulses are substantially different.
Shown in Figs. 4 and 5 are the radiation spectra and autocorrelation functions of single-scale and double-scale pulses studied in our experiment. Pulses of both types were generated in the laser cavity of Fig. 1 at different polarization controller positions. Auto-correlation functions were registered using commercial scanning auto-correlator ''Tekhnoscan FS-PS-Auto'' with working range of 5 fs to 35 ps. Certain noisiness of the recorded auto-correlation functions is due to a rather small fraction of the output radiation used for their measurement. Optical spectra were similarly registered by using a small amount of output power guided into an optical spectrum analyzer Advantest Q8381A. Both auto-correlation function and spectra of the generated pulses were measured in real time in order to know with certainty, which particular type of pulses is generated at a given moment. Mode locking was triggered by mutual adjustment of the polarisation controllers and pump radiation power within 1.3-1.5 W. Single-scale pulses have a P-shaped optical spectrum and quasi bell-shaped autocorrelation function, whereas spectrum of double-scale pulses is much smoother and bell-shaped, and its ACF contains a narrow 180-fs long peak on a wide 12-ps long pedestal. Fig. 6 shows Raman scattering spectra of single-scale (red curves) and double-scale (black curves) pulses propagating along a 1.2-km long phosphosilicate fiber. In order to produce sufficient spectral conversion, pulses from the reference fiber oscillator could be passed through a fiber optic amplifier to reach the average output power of 840 mW. This figure presents broader Raman scattering spectra of double-scale pulses in comparison to analogous spectra for single-scale pulses. Most likely, this is a result of femtosecond components present in the structure of double-scale pulses, which have higher non-linear conversion efficiency.
Ultra-long mode-locked fiber lasers: discussion
In the preceding sections, we have shown a great variety of generation regimes in NPE mode-locked fiber lasers instantiated by different settings of intra-cavity polarization controllers. By adjusting these settings, either manually or through automated actuators, one can achieve switching between generation regimes and, consequently, significant changes in the generated laser pulse parameters. However, fiber lasers offer another important degree of freedom that can be used for designing novel generation regimes: resonator length. As was demonstrated by multiple groups [25] [26] [27] [28] [29] [30] [31] [32] [33] , the cavity length has a substantial impact on the output pulse parameters in mode-locked fiber lasers. Specifically, it is possible to control the pulse energy and repetition rate by changing the laser cavity. Indeed, the pulse repetition rate m rep is inversely proportional to the laser cavity length
where c/n is the speed of light inside the fiber cavity. The energy of a generated single pulse E at constant average output power P av is inversely proportional to the pulse repetition rate, and, therefore, directly proportional to the cavity length: E $ (P av /m rep ) $ (P av Â L Â n/c). Hence, it is possible to proportionally increase the pulse energy and reduce the repetition rate by laser cavity elongation.
It would be pertinent to note that this approach was earlier used in solid-state lasers [34] . However, for an open cavity containing discrete elements, the practical possibility of elongation is limited to approximately 100 m. Fiber lasers present a remarkable technical opportunity to increase length of resonant cavities. For instance, earlier publications reported passive mode-locking in 400 m long fiber lasers [35, 36] . An important breakthrough in this field dates back to 2008 when mode-locked operation of a fiber laser with a 3.8 km cavity was achieved due to the effect of nonlinear polarization evolution of radiation [37] . At that time, the record high for mode-locked master oscillators pulse energy of 3.9 lJ was reported at a record low for this type of laser's pulse repetition rate of 77 kHz. The latter parameter was further reduced to 37 kHz [38] and to $8 kHz [39] , even though no improvement in pulse energy was achieved. Notwithstanding the respective elongation of the laser cavity to 8 and 25 km, the pulse energy remained unchanged at around 4 lJ. The existence of some upper limit to the pulse energy when the cavity of a mode-locked master oscillator is increased is the subject of the active current research [31] and is one of the field's important research challenges.
From the first experimental demonstration of high-energy pulse generation in ultra-long NPE mode-locked master oscillators [37] , many research groups studied mode-locked fiber lasers with long and ultra-long resonators of different configurations. They demonstrated the possibility of passive mode locking in long cavities due to saturable absorbers, such as single-wall carbon nanotubes [25, 40, 41] , semiconductor saturable absorber mirrors [42] [43] [44] , and non-linear optical loop mirrors [45] . It was experimentally and theoretically confirmed that passively mode-locked fiber master oscillators give rise to a broad variety of generation regimes in different cavity configurations [46] [47] [48] [49] [50] [51] [52] [53] , including generation of single and multiple pulses over a cavity round-trip, pulses with various duration, envelope shape, and spectrum width. The results of Refs [30, 52] show that in ultra-long lasers, there is high probability of generating double-scale partially coherent pulses, whereas ''normal'' (single-scale) pulses with a smooth temporal optical phase shape and large chirp become difficult to obtain. This indicates a step difference from the traditional mode-locking theory and may be considered as a partial mode-locking, when phase locking is not between all resonator modes, but rather between groups/clusters of modes. Nevertheless, experimentally generating strongly chirped pulses in a 1 km laser cavity with mode-locking due to a carbon nanotube saturable absorber was reported in [25, 40] . The paper [28] reports lasing in 1.4 km long Yb-doped fiber laser with steep spectral edges, which are attributed to a ''conventional'', stable, single-pulse generation regime [18, 19] . Therefore, in principle, mode-locked fiber master oscillators with long and ultra-long cavities may be used to generate pulses with relatively high energies without any additional amplification or Q-switching, at the same time as they exhibit a broader variety of operation regimes compared to lasers with ''short'' resonators (on the order of several meters). In regimes with one pulse over the cavity round-trip, mode-locked fiber master oscillators can produce both fully and partially coherent pulses (double-scale wave-packets). Such systems require further analysis and numerical modeling.
The variety of generation regimes in mode-locked fiber master oscillators with long and ultra-long cavities, as well as significant variability of parameters of single-pulses/wave-packets produced therein, are of great interest both for fundamental research in laser physics and for practical applications of laser pulses with new unique parameters.
Conclusions
Our simulation and experiments demonstrate considerable spread of pulse parameters generated by fiber lasers mode-locked due to NPE. This finding should encourage users to carefully control at least the duration and optical spectrum of laser pulses, since the pulse parameters may change considerably, for example, due to relaxation of stress introduced by fiber polarization controllers, equivalent to a change in PC settings. This is of primary importance in the case of long and ultra-long fiber lasers, which are characterized by substantial length of non-linear interactions, which lead to considerable amplification of perturbations and make such lasers highly prone to undesired irregular regime hops. Note also that NPE mode-locked fiber lasers are relatively sensitive to ambient conditions because fiber birefringence depends on temperature, mechanical stress, and so on. Uncontrollable fiber birefringence changes make it necessary to adjust polarization controllers in order to trigger mode-locked operation or to stabilize it. Adjustment, however, may lead to the start of a modelocked regime substantially different from the one before the adjustment.
Another important point of our study is that various lasing regimes should be carefully chosen in order to optimally meet the requirements of a particular laser application. Using second harmonic generation and Raman frequency conversion as a test bed, we have shown that different lasing regimes' efficiency may vary considerably even if laser pulses generated in different regimes have similar energies and duration.
The technological remedy (for example, in the form of control and adjustment elements) for the discussed output pulse characteristic variability should be incorporated into laser system designs.
